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Lear v Students will be able to determine directional derivatives of
ning functions of several variables, gradient; Strategies/Acti
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everyday life, which require finding directional derivatives of a l
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v' Students are encouraged to use technology and different EModeIing
software in their work, while considering problem-based lCoIIaborative
situations. learning
lDiscussion
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Aim The aim of the lecture is to make students able to understanda the
of directional derivatives. Assessment for
Iﬂeftu . learning
ey The teacher gives the next problem to the students: IObservations
D,es,c 1. Find each of the directional derivatives S Conversation
:]I%tflo a) Dgf(2,0) where f(x,;;) = xe* + y and U is the unit vector in lWork sample
the the direction of 8 = 2 3 [Conference
pract b) Dgf(x,y,z) where f(x,y,2) =x?z2+y32z>—xyz in the| OcCheck list
ical direction of Vv = (—1,0,3). CIDiagnostics
probl 2. Suppose that the height of a hill above sea level is given by z =
em 1000 — 0.01x2 — 0.02y2. If you are at the point (60,100) in what
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direction is the elevation changing fastest? What is the maximum rate
of change of the elevation at this point?
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Partial derivatives give us an understanding of how a surface changes when
we move in the x and y directions. We made the comparison to standing in a
rolling meadow and heading due east: the amount of rise/fall in doing so is
comparable to fy. Likewise, the rise/fall in moving due north is comparable
to f,. The steeper the slope, the greater in magnitude f,. But what if we
didn't move due north or east? What if we needed to move northeast and
wanted to measure the amount of rise/fall? Partial derivatives alone cannot
measure this. This section investigates directional derivatives, which do
measure this rate of change. We begin with a definition.

DEFINITION
Let z = f(x,y) be continuous on an open set S and let U = (uy, u,) be a unit
vector. For all points (x,y) the directional derivative of f at (X,y) in the
direction of U is
f(x + huy,y + hu,) — f(x,y)

h
The partial derivatives fy and f;, are defined with similar limits, but
only x or y varies with h, not both. Here both x and y vary with a weighted h,
determined by a particular unit vector U. This may look a bit intimidating but
in reality it is not too difficult to deal with; it often just requires extra
algebra. However, the following theorem reduces this algebraic load.

Dgf(x,y) = }li_r)r(l)
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THEOREM Let z = f(x,y), and let U = (uy, u,) be a unit vector. The
directional derivative of f at (x,,y,) in the direction of U is

Dﬁf(XO’Yo) = fx(XO'yo)ul +fy(x0,y0)u2

Letz = 14 —x%? —y”2 and let P = (1,2). Find the
directional derivative of f, at P, in the following directions:

1. toward the point Q = (3,4)
2. inthe direction of (2,-1) and

3. toward the origin.

We find that f,(x,y) = —2x and f,(1,2) = —-2; f,(x,y) =
—2yand f,(1,2) = —4.

1. Let u be the unit vector that points from the point (1,2) to the
point Q = (3,4). The vector F(j = (2,2); the unit vector in this
directionisu = (ﬁ,ﬁ). Thus, the directional derivative of f at
(1,2) in the direction of U is

1 1 6
D3f(1,2) =—2——-—4—=——=—4.24
af12) = -2~ 4 5= "7

Thus the instantaneous rate of change in moving from the point
(1,2,9) on the surface in the direction of u (which points toward the
point Q) is about —4.24. Moving in this direction moves one steeply
downward.

2. We seek the directional derivative in the direction of (2,-1). The unit
T S N
vector in this directionisu = (\/g' \/g)' Thus the directional
derivative of f at (1,2) in the direction of U is

2 -1
Dgf(1,2) =-2——-4—=0

Starting on the surface of f at (1,2) and moving in the direction of (2,-1)
results in no instantaneous change in z-value. This is analogous to
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standing on the side of a hill and choosing a direction to walk that does
not change the elevation. One neither walks up nor down, rather just
"along the side" of the hill.

Finding these directions of "no elevation change" is important.

3. AtP = (1,2), the direction towards the origin is given by the
. U . .
vector (—1, —2); the unit vector in this direction is U = ( 7 @)'

The directional derivative of fat P in the direction of the origin is

-1 = 10
Dgf(1,2) = —2—=—-—4—=—=~=447

Moving towards the origin means "walking uphill" quite steeply, with
an initial slope of about 4.47.

As we study directional derivatives, it will help to make an important
connection between the unit vector U = (uy, u,) that describes the
direction and the partial derivatives f, and f,. We start with a
definition and follow this with a Key Idea.

DEFINITION Let z = f(X,y) be differentiable on an open set S that contains
the point (xq, yo)-
The gradient of fis Vf(x,y) = (fx(x,y), f;(x,y)).

The gradient of f at (X, y,) is Vf(xo,¥,) = (fx(%0,¥,). fy (X0, ¥,))-

Note: The symbol "V" is named "nabla," derived from the Greek name
of a Jewish harp. Oddly enough, in mathematics the expression Vfis
pronounced "del f".

To simplify notation, we often express the gradient as Vf = (f,, f;). The

gradient allows us to compute directional derivatives in terms of a dot
product.

The gradient and Directional Derivatives

The directional derivatives of z = f(x, y) in the direction U is
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The properties of the dot product previously studied allow us to
investigate the properties of the directional derivative. Given that the
directional derivative gives the instantaneous rate of change of z when
moving in the direction of u three questions naturally arise:

1. In what direction(s) is the change in z the greatest (i.e., the "steepest
uphill")?

2. Inwhat direction(s) is the change in z the least (i.e., the "steepest
downhill'")?

3. Inwhat direction(s) is there no change in z?

Using the key property of the dot product, we have
Vf-u = ||Vf|| . ||ﬁ|| +cos0 = ||Vf|| +cos® (%)

where 0 is the angle between the gradient and u. (Since u is a unit
vector, |[d|| = 1.) This equation allows us to answer the three
questions stated previously.

1. Equation (*) is maximized when cos 6 = 1, i.e., when the gradient
and U have the same direction. We conclude the gradient points in
the direction of greatest z change.

2. Equation (*) is minimized when cos ® = —1, i.e., when the gradient
and Uhave opposite directions. We conclude the gradient points in
the opposite direction of the least z change.

3. Equation (*) is 0 when cos 8 = 0, i.e., when the gradient and Uare
orthogonal to each other. We conclude the gradient is orthogonal to
directions of no z change.

This result is rather amazing. Once again imagine standing in a rolling
meadow and face the direction that leads you steepest uphill. Then the
direction that leads steepest downhill is directly behind you, and side-
stepping either left or right (i.e., moving perpendicularly to the
direction you face) does not change your elevation at all.

Recall that a level curve is defined by a path in the xy —plane along
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which the z-values of a function do not change; the directional
derivative in the direction of a level curve is 0. This is analogous to
walking along a path in the rolling meadow along which the elevation
does not change. The gradient at a point is orthogonal to the direction

where the z does not change; i.e., the gradient is orthogonal to level
curves.

Recall that a level curve is defined as a curve in the xy-plane along
which the z-values of a function do not change. Let a surface z =
f(x,y) be given, and let's represent one such level curve as a vector--
valued function, #(t) = (x(t),y(t)). As the output of f does not change
along this curve, f(x(t),y(t)) = c for all t, for some constant c.

Since fis constant for all t, g—: = 0. By the Multivariable Chain Rule,
we also know

j_: = f,x VX' ©) + f,x, )y )

=(fxxy), fyxy) - X' (D), y" (D)
=Vf-F(t) =0

This last equality states Vf- ¥'(t) = 0: the gradient is orthogonal to the
derivative of ¥, meaning the gradient is orthogonal to T itself. Our
conclusion: at any point on a surface, the gradient at that point is
orthogonal to the level curve that passes through that point.

We restate these ideas in a theorem, then use them in an example.

THEOREM Let z = f(x,y) be differentiable on an open set S with
gradient Vf, let P = (x,,y,) be a point in S and let u be a unit vector.

1.The maximum value of Dﬁf(xo,yo) is ||Vf(X0,y0)| |; the direction of
maximal z increase is Vf(xo, yo)

2. The minimum value of Dﬁf(Xo,yo) is —||Vf(x0,y0)||; the direction
of minimal z increase is —Vf(xo,yo)
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3. At P, Vf(xo,yo) is orthogonal to the level curve passing through
(XOr yO»f(XOI yO))

Finding directions of maximal and minimal increase
Let f(x,y) =sinxcosy and let Pz(gg) Find the directions of

maximal/minimal increase, and find a direction where the instantaneous
rate of z change is 0.

We begin by finding the gradient. f; = cosxcosy and f, =
—sinxsiny, thus Vf= (cosxcosy,—sinxsiny) and, at P, Vf(g,g)z
1 3
(Z'_Z)

Thus the direction of maximal increase is (7, —2). In this direction, the
instantaneous rate of z change is 0.79.
The direction of minimal increase is (—i,%); in this direction the

instantaneous rate of z change is -0.79

Any direction orthogonal to Vfis a direction of no z change. We have two
choices: the direction of (3,1) and the direction of (-3,-1). The unit vector in
the direction of (3,1) is shown in each graph of the figure as well. The level
curve atz = v/3/4 is drawn: recall that along this curve the z -values do not
change. Since (3,1) is a direction of no z -change, this vector is tangent to
the level curve at P.

Understanding when Vf =0.
Let f(x,y) = —x% + 2x — y? + 2y + 1. Find the directional derivative of fin
any direction at P(1,1).

We find Vf = (—2x + 2, —2y + 2). At P, we have Vf(1,1) = (0,0).
According to Theorem before, this is the direction of maximal increase.
However, (0,0) is directionless; it has no displacement. And regardless of the
unit vector U chosen, Dgf — 0.
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We can see that P lies at the top of a paraboloid. In all directions, the
instantaneous rate of change is 0.

So what is the direction of maximal increase? It is fine to give an

answer of 0 = (0,0), as this indicates that all directional derivatives are
0.

The fact that the gradient of a surface always points in the direction
of steepest increase/decrease is very useful, as illustrated in the
following example.

The flow of water downhill
Consider the surface given by f(x,y) = 20 — x? — 2y?. Water is poured on
the surface at (1,1/4). What path does it take as it flows downhill?

Let F(t) = (x(t),y(t)) be the vector-valued function describing the
path of the water in the xy —plane; we seek x(t) and y(t). We know that
water will always flow downhill in the steepest direction; therefore, at any
point on its path, it will be moving in the direction of —Vf. We ignore the
physical effects of momentum on the water. Thus F(t) will be parallel to
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Vf, and there is some constant ¢ such that ¢ Vf = £ (t) = (x'(t),y'(t)).
We find Vf = (—2x, —4y) and write x (t) as % and y'(t) as %. Then

dx dy
—2cx, —4 =(—,—
(—2cx, —4cy) Gl
This implies ¢ = L& and ¢ = —id—y. As ¢ equals both expressions, we

2x dt 4y dt

1d 14d . - . .
= =2 7o find an explicit relationship between x and y, we can

have —— =
2x dt 4y dt

integrate both sides with respect to t. Recall from our study of differentials
that 2 dt = dx. Thu

4y
[ 7[5
2x x= 4y Y
1 1
Elnlxl = Elnlyl +C

2In|x| = Inly| + C;
In|x?| = In|y| + C;

Now raise both sides as a power of e
xZ — eln|y|+C1
x2 = elnlylgCy
x? = yC,
y = Cx?
As the water started at the point (1,1/4), we can solve for C:

C =

~ Bl

Thus the water follows the curve y = x2? /4 in the xy-plane.

Functions of Three Variables

The concepts of directional derivatives and the gradient are easily
extended to three (and more) variables.

DEFINITION Let w = F(x,y, z) be differentiable on an open ball B
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and let U be a unit vector in R3.
The gradient of F is VF = (Fy, Fy, F,).
The directional derivative of Fin the direction of U is DzF = VF - U.

The same properties of the gradient when f is a function of two
variables, hold for F, a function of three variables.

THEOREM Letw = F(x,y,z) be differentiable on an open ball B,
with gradient VF, and let u be a unit vector.

1.The maximum value of DgF is ||VF||, obtained when the angle
between VF and U is 0, i.e., the direction of maximal increase is VF

2. The minimum value of DgF is —||VF||, obtained when the angle
between VF and U is 7, i.e., the direction of minimal increase is —VF

3. DgF=0 when VF and U are orthogonal.

We interpret the third statement of the theorem as "the gradient is
orthogonal to level surfaces," the three-variable analogue to level curves.

Finding directional derivatives with functions of three variables
If a point source S is radiating energy, the intensity I at a given point P in
space is inversely proportional to the square of the distance

between S and P. That is, when S = (0,0,0),I(x,y,2) = szﬂz, for some
constant k.

letk=1, letu= (é,é,é) be a unit vector, and let P = (2,5,3). Measure
distances in inches. Find the directional derivative of I at P in the direction of
U, and find the direction of greatest intensity increase at P.

We need the gradient VI, meaning we need [, Iy,IZ. Each partial
derivative requires a simple application of the Quotient Rule, giving
vl = —2x -2y -2z
B ((XZ +y2+22)2" (x2 +y2 +22)2" (x2 +y? + 22)2)
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VI(2,53) = ( )

_ N miid
Dgl = VI(2,5,3) - U =——
The directional derivative tells us that moving in the direction
of u from P results in a decrease in intensity of about —0.008 units per
inch. (The tensity is decreasing as U moves one farther from the origin
than P.)

The gradient gives the direction of greatest intensity increase. Notice
that

2
VI(Z,S,S) = m (—2, —5, —3)

That is, the gradient at (2,5,3) is pointing in the direction

of (—2,-5,-3), that is, towards the origin. That should make intuitive
sense: the greatest increase in intensity is found by moving towards to
source of the energy.

The directional derivative allows us to find the instantaneous rate

of z change in any direction at a point. We can use these instantaneous
rates of change to define lines and planes that are tangent to a surface at
a point, which is the topic of the next section.

Actio
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Mater | The materials for learning are given as a part of references of the end from
ials / | this topic plan;

equip Equipment: classroom, whiteboard, marker in different colours;

ment | pijgital tools: laptop, projector;

/ Software: Geogebra
digita
I
tools
/
softw
are
Cons | With the given examples students can consider that the real functions and their derivatives are
olidat | important for solving real life problems. Students will learn what is a directional derivative of a
ion function and gradient and how to calculate it. They can learn how to apply directional
derivatives in real problem. Students can use technology, different digital tools and software as
a help for solving problems, but can also realize that even with technology, solving different
everyday problems is difficult without math knowledge.

Reflections and next steps

Activities that worked Parts to be revisited

Problem solving, collaboration, using technology Depends on the students, in
a conversation with students
the teacher will realize the
difficulties that students had
and then revisit appropriate
parts.
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